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Spectral sets in RY

» Let m be the Lebesgue measure in RY.

> Let Q C RY be a Borel set with 0 < m(Q) < +oc.

» Definition. The set Q is spectral if there exists a set A ¢ R? such
that E(A) = {€*™*X) . X € A} forms an orthogonal basis of
L2(Q).

» The set A is called a spectrum of Q and (€2, A) is called a
spectral pair.

Example:
» The d-dimensional cube [0, 1]9 is spectral.
» ([0,1]U[2,3],ZU(Z+ 1/4)) is a spectral pair.

» The d-dimensional balls are NOT spectral:
losevich—Katz—Pedersen (1999).

» The non-symmetric polytopes are NOT spectral: Kolountzakis
(2000).
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Tiles in RY

> Let Q C RY be a Borel set with 0 < m(Q) < +oo.

» Definition. The set Q tiles RY by translations, if 37 ¢ R9 s. t.
{Q+t:te T} forms a partition a.e. of RC.

» The set T is called a tiling complement of Q and (£, T) is called
a tiling pair.
Example:
» The d-dimensional cube [0, 1]9 is a tile
> ([0,1]U[2,3],4Z U (4Z + 1)) is a tiling pair.
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Example N\
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Spectral set conjecture in R?

Conjecture(Fuglede, 1974)

A Borel set Q is a tile of R? if and only if it is a spectral set.

» Segal’s question: for which region Q in RY, the partial differential
operators in C°(Q2) have commutative self-adjoint extensions in
L2(Q)?

» Conjecture holds if T or Ais a lattice: Fuglede (1974).

Spectral sets # tiles for d > 5: Tao (2003).

» Conjecture fails for d > 3 (both direction): Matolsci(2005),
Farkas-Gy(2006), Matolsci-Kolountzakis(2006),
Farkas-Matolsci-Méra(2006):

» It remains open for d =1, 2.

v
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Partial positive results ford = 1,2

» Union of two interval: Laba (2001).

» Self-affine tiles: Bandt (1991), Kenyon (1992), Lagarias—Wang
(1996, 1997), Lai-Lau—Rao (2013, 2017) .. ..

» Convex planar set: losevich, Katz and Tao (2003).
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Tiles and spectral sets in LCA groups

RY +— locally compact abelian (LCA) groups
Lebesgue measure +— Haar measure

{62"‘“’<Z>X> 1 Z e Rd} <—— dual group é

» ({0,1},{0,2}) is a tile pair in Z/4Z.
» ({0,1},{0,2}) is a spectral pair in Z/4Z, here m ~ 7./47.
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Spectral set conjecture in LCA groups

A Borel set Q is a tile in G if and only if it is a spectral set. I

» True in Qp: Fan—-Fan—Liao—S (2016).
» Dutkay-Lai (2013):

(i) T-S(G): Tile=-Spectral direction holds in G.
T-S(R) & T-S(Z) & T-S(z/mZ) forallm e N

(i) S-T(G): the Spectral=Tile direction holds in G.
S-TR) = S-T(Z) = S-T(Z/mZ) forall me N
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Spectral set conjecture in finite groups

The conjecture is true for:
> 7./pZ x 7/pZ, p prime: losevich-Mayeli-Pakianathan (2015).
» 7./p"qZ, p, q distinct primes: Malikiosis-Kolountzakis (2016).
» T-S(Z/p"q™Z), p, q distinct primes: taba (2002).

Spectral sets = tiles:
» (Z/37)%: Tao (2003).
» (Z/8Z)3: Kolountzakis—Matolcsi (2006).
> (Z/pZ)* (p=1 mod 4) et (Z/pZ)® (p=3 mod 4): Aten et
al. (2017).

Tiles # spectral sets:
» (Z/247)3: Farkas—Matolcsi—-Mora (2006).
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Tao’s counterexample in (Z/37)°

» Definition. Hadamard matrix of order n: entries are n-th roots of
unity and whose rows are mutually orthogonal.

> Example (Tao 2003): let w = %",

1 1 1 1 1 1
1 1 woow w? W
1w 1 w? W w
H = 1w w1 w W
1 w? w? w 1w
1 w? 1 W w 1

> Take Q2 = {e1, e2,..., 66} to be the standard basis of (Z)37)8.
Take A = {&1, &, ..., &} where (€2™(974))8 | matches the k-th
row of H.
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Mask polynomial

» Let Zy = Z/NZ. Let wy = €®™/N. Let A C Zy.

» Definition. The mask polynomial A(X) is given by

> x2ez[X]/(xN -1).

acA
> 14(n) = A(wy"), V n € Zy.

> Definition. Z4 := {n € Zy : A(w}) =0} = {n e Zy : 1a(n) = 0}.

> neZye nre Zaforany r € Zy.
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Spectral sets in cyclic groups

Let A, B C Zy. The following are equivalent.
(1) (A, B) is a spectral pair.
(2) ftA=tBand (B— B)\ {0} C Za.

(3) M= (62”"%’)b 5.4 18 @ complex Hadamard matrix.
€D,ac
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Tiles in cyclic groups

Let A, B C Zy. The following statements are equivalent.
(1) (A, B) is atiling pair.

(2) Ae B=17Zn.

(3) AX)B(X)=1+X+X?>+ .-+ XN mod XN —1.
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Coven—Meyerowitz property

Let &, be the cyclotomic polynomial of order n.

Let S:={p™ | N: pprime }.

Let AC Zn. Sa:={s€ S: dg(X) | AX)}.

Definition. (T1): £A = [[4.s, ®s(1).

Definition. (T2): ®g,,. s, (X) divides A(X) for every powers of
distinct primes s1,S»,...,Sm € Sa.

Letd | N.

vvyyVvyyvyy

\4

d € Z5 <= by g(X) | AX).
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Property (T1): examples

Let AC Zp.
(1) N=p". (T1)is equivalent to

pﬁ(Zm{1,p,p2.,..-7p”"}) — tA.

(2) N=p"g™. (T1)is equivalent to

pﬁ(ZAﬁ{qm-pqm,pzqmﬁ-..,p”"q””}) . qﬁ(ZAﬂ{p”,p"q,p”qz,.u-,p"qm*‘}) —1A.

(8) N=pgr. (T1) holds if and only if
pﬁ(ZAﬁ{qf}) . qﬁ(ZAﬂ{Pf}) . r(Z2an{pg}) — #A.

Ruxi Shi | Spectral set conjecture on finite abelian groups



Property (T2): examples

Let A C Zn.
(1) N =p". (T2) holds vacuously.
(2) N=p"g™. (T2) is equivalent to

pPq".p"q" € Za = p?q° € Za.

(3) N = pgr. (T2) holds if and only if
pPq.pr e Za=pec Zs;

qr,pr € Zp=r € Zy;

Pq.qr € Za= q € Za.
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Spectral sets, tiles and (T1), (T2)

(T1)+(T2) = tiles for all Zy, N € N: Coven—Meyerowitz (1998).
Tiles = (T1) for all Zy, N € N: Coven—Meyerowitz (1998).
Tiles = (T1)+(T2) for Zy with N = p"q™: Laba (2002).
Conjecture (Coven—Meyerowitz):

vvyyvyy

(T1)+(T2) < tiles for all Zyn, N € N.

v

(T1)+(T2) = spectral sets for all Zy, N € N: Laba (2002).

» Spectral sets = (T1)+(T2) for Zy with N = p"q:
Malikiosisa—Kolountzakis (2017).

» Ifforall Zy, N € N,
Spectral sets <= (T1) +(T2)

then S-T(R): Dutkay-Lai (2013).
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Main results

Theorem (S, 2018)

Let N be a square-free integer. Let A C Zy. Then Ais a tile if and
only if it satisfies (T1) and (T2).

Theorem (S, 2018)

Let p, g, r be distinct prime numbers. Let A C Zpg,. Then Ais a
spectral set if and only if it satisfies (T1) and (T2).

| \

Corollary

The spectral set conjecture holds on Zyq, wWith p, g, r distinct prime
numbers.

Ruxi Shi | Spectral set conjecture on finite abelian groups



Vanishing sums of roots of unity: |

For a given natural number N, what are the possible integers n for
2miog 2miap

which there exist N-th roots of unity eh%,e No,...,e ~ suchthat

2micy 27iag 2mian

e N +e N 4+...4e ~v =07

Theorem (Lam and Leung, 2000)

Let N be a positive integer. Let A C Zy. If A(wn) = 0, then there exist
np € N for all p prime with p | N such that §A = pr npp.
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Vanishing sums of roots of unity: Il

Proposition (Lam and Leung, 2000)

Let n | N be such that N/n has at most two prime divisors, say p and
g. If A(wy) = 0, then

A(X™) = P(X")0p(XN/P) + Q(X")dg(XN/9)  mod XN -1,

where P and Q have nonnegative coefficients.

» The polynomial A(X") is the mask polynomial of the multi-set
n-A.

> ®p(X"/P) is the mask polynomial of the subgroup ¥Zy. Its
cosets are called p-cycles.

» The above proposition shows that n- A is the disjoint union of
p-cycles and g-cycles.
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N/n having three prime divisors

» Let N = pqgr with p, g, r distinct primes. Let A be a subset with
mask polynomial

AX) =(X 4+ X2 4 ... XP=1ary(xPr 4 x2P" 4 ... 4 x(9=1pry
+ (XP9 4 X?P9 4 ... 4 X(r=1)P)

we have A(wy) = 0 but A cannot be expressed as a union of p-,
g- and r-cycles
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N/n having only one prime divisor

Proposition

Let n | N be such that N/n has only one prime divisor, say p. If
A(wy) = 0, then

AX™) = P(X")dp(XN/P) mod XN — 1,

where P has nonnegative coefficients.

> n- Ais the disjoint union of p-cycles.

» This is the key tool to prove that Spectral set conjecture holds in
Zp: taba (2002), also Fan—Fan-S (2016).

Ruxi Shi | Spectral set conjecture on finite abelian groups



Representation of Zpgr

Lpgr < ZLp X Lg X Ly
X < (X1,X2,X3)

» x; =X mod Zp, X2 = X mod Zg and x3 = x mod Z,.
> p_CyCIe: {(O~ X2, X3)7 (17X27 X3)7 HERR) (p - 17X27 XS)}'

Ruxi Shi | Spectral set conjecture on finite abelian groups



Sketch of proof

Lemma

Let (A, B) be a spectral pair in Zpg. If pq ¢ Zp, then there exist a
subset S C Zp x Zq and a function f : Zp x Zq — Z, such that

A:{(va:f(xvy)) : (va) € S}

Moreover, we have that A < pg and that the equality holds if and
only if § = Zp x Zg.

Proof

If the set A has two elements (x, y, z) and (x, y, z') with z £ Z’, then
we have

| A\

(X,y.2) = (x,y,2') =(0,0,2 - 2') € pqZy,.

It follows that pq € Zg, which is a contradiction.

.
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Sketch of proof

» We decompose the proof into three cases:
(1) #(2an{pq,pr,qr}) = 2;
(2) 4(Z2an{pg,pr,qr}) =1;

(3) 4(2an{pq,pr,qr})=0.

Proof of (1)

WLOG, gr, pr € Z4 and pq ¢ Z4. It follows that pq | A = §B. We thus
have pq ¢ Zg and tA = pq. (T1) holds. There exists a function
f: Zp x Zg — Zr such that

A={(x,y,f(x,y)): (X,y) € Zp x Zq}.

We obtain that r € Z and thus A satisfies the (T2).
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Sketch of proof

Proof of (3)

Let B be a spectrum of A.

Step 1: §(Z8 N {pg. pr,qr}) = 0.
Step 2: 4A = £B < min{p, q, r}. This implies that A =B = 1.

Proof of (2)

Let B be a spectrum of A. WLOG, gr € Z and pq, pr ¢ Z. (T2) holds
vacuously.

Step 1: 4(Zs N {pq, pr,qr}) =1.
Step 2: A = B = p. It follows that (T1) holds.
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Open questions

Dimension one:
> 7./p"qZ, p, q distinct primes: Malikiosis—Kolountzakis (2016).
» 7./p"q%Z, p, q distinct primes: Malikiosis (in progress).
» T-S(Z/p"q™Z), p, q distinct primes: taba (2002).
> 7Z/p"qmZ? In general, Z/mZ?

Higher dimension:
> 7./pZ x Z./pZ, p prime: losevich—Mayeli—Pakianathan (2015).
» 7./p?Z x 7./ pZ, p prime: S (in progress).
> 7./p°Z x Z/p?Z? In general, Z/p"Z x 7./ p"7.?
> 7/pZ x Z./pZ x 7] pZ?
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Thanks for your attention!
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